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Rayleigh-Bénard power-law fluid convection in 
rectangular enclosures 
Sahin Yigit* and Nilanjan Chakraborty† 
Newcastle University, Newcastle-Upon-Tyne, NE1 7RU, UK 
 
Influences of aspect ratio (ratio of height to length) on laminar Rayleigh-Bénard convection of power-
law fluids in rectangular enclosures have been numerically investigated for constant wall heat flux boundary 
condition for horizontal walls. The steady state simulations have been conducted for the range of aspect ratio 0.25 
to 4, nominal Rayleigh number range 103 to 105, power-law index 0.6 to 1.8 for a representative single value of 
nominal Prandtl number (103). It has been found that convective transport weakens with increasing aspect ratio 
and thermal conduction dominates thermal transport for tall enclosures. Moreover, the critical Rayleigh number 
for the onset of convection increases with increasing values of power-law index and aspect ratio. Thermal 
convection irrespective of the value of aspect ratio has been found to augment with increasing (decreasing) 
Rayleigh number (power-law index) due to strengthening of buoyancy force in comparison to viscous resistance 
with increasing Rayleigh number (shear-thinning behaviour with decreasing power-law index). The simulations 
reveal that flow patterns and mean Nusselt number are dependent on the initial condition, and it is possible to 
obtain different steady-state solutions for different initial conditions. The numerical findings have been explained 
with the help of scaling arguments and in turn have been utilised to propose a correlation for the mean Nusselt 
number.  
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Nomenclature 
 
AR Aspect ratio  [-] ߙ Thermal diffusivity [m2/s] 
a0, a1 Correlation parameter [-] ߚ Thermal expansion coefficient [1/K] 
b Correlation parameter [-] ߜ Velocity boundary layer thickness [m] 
cp Specific heat at constant pressure  [J/kgK] ߜ௧௛ Thermal boundary layer thickness [m] 
e Relative errror [-] ߠ Dimensionless temperature [-] 
eij Rate of strain tensor [s-1] ߤ Dynamic viscosity [Ns/m2] 
g gravitational acceleration [m/s2] ߥ Kinematic viscosity [m2/s] 
Gr Grashof number [-] ߩ Density [kg/m3] 
H Height of the enclosure [m] ߬௜௝ሺ߬ሻ Stress tensor (stress) [N/m2] 
h Heat transfer coefficient [W/m2K] ߰ Stream fuction [m2/s] 
K Consistency [N.sn/m2] Ψ Dimensionless stream fuction (Ψ ൌ ߰/ߙ) 
[-] 
k Thermal conductivity coefficient [W/mK] Subscripts 
L Length of the enclosure [m] a apparent  
n Power-law index [-] C cold wall 
Nu Nusselt number [-] eff effective 
ܰݑതതതത Mean Nusselt number [-] H Hot wall 
P Pressure [Pa] Special characters 
Pr Prandtl number [-] ∆ܶ Temperature difference hot and cold wall 
q Heat flux  [W/m2]               ∆௠௜௡,௖௘௟௟ Minimum cell distance  
re Grid expansion ratio [-]   
Ra Rayleigh number [-]   
T Temperature [K]   
ui ith component of velocity [m/s]   
U Dimensionless horizontal velocity (ܷ ൌ ݑଵܮ/ߙ) [-]   
V Dimensionless vertical velocity (ܷ ൌ ݑଶܮ/ߙ) [-]   
xi ,xj Coordinate in ith and jth directions [m]   
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I. Introduction 
Natural convection of Newtonian fluids in enclosed spaces has been studied extensively (e.g. Refs. [1-4]) but 
limited attention directed to non-Newtonian fluids despite their potential applications in cooling of electronics, 
food and chemical processing, solar and nuclear power systems. Many common man-made and biological fluids 
exhibit shear-thinning (e.g. ketchup, blood) and shear-thickening (e.g. mixtures of corn starch and water, so-called 
“bullet-proof” custard) behaviours. For example, aqueous solutions of polymers (e.g. carboxymethyl cellulose, 
polyethylene oxide, xanthan gum) show a decrease in viscosity with increasing shear rate (i.e. shear-thinning 
behaviour). Recently, it has been reported in Ref. [5] that 0.1-0.2 % aqueous solutions of xanthan gum exhibit an 
augmentation of convective heat transfer rate in comparison to water for laminar Rayleigh-Bénard convection in 
an enclosure. This is in agreement with the findings of several previous studies on laminar Rayleigh-Bénard 
convection of shear-thinning fluids in enclosures [6-9]. Power-law model of viscosity was used by the pioneering 
analysis Ozoe and Churchill [10] to model the shear rate dependence of viscosity for natural convection of both 
shear-thinning and shear-thickening fluids. Existing literature on natural convection of power-law fluids can be 
divided in two categories. The first category concentrates on the critical conditions for the onset of convection of 
power-law fluids [11-13]. The second category focuses on the effects of Rayleigh and Prandtl numbers on the heat 
transfer characteristics beyond the critical conditions for the onset of fluid motion [14-27]. The specific 
contributions of the aforementioned references have been summarised in detail in Table 1. Several investigations 
belonging to the second category concentrated on the effects of aspect ratio AR (i.e. height to length ratio) and 
boundary conditions (i.e. constant wall temperature and constant wall heat flux) on natural convection of power-
law fluids in rectangular enclosures with differentially heated vertical walls [14]. It has been found that the wall 
boundary condition significantly influences the aspect ratio AR dependence of the mean Nusselt number in the 
case of natural convection of power-law fluids in rectangular enclosures with differentially heated vertical walls 
[14]. Recently, Ref.  [9] analysed effects of aspect ratio on natural convection of power-law fluids in rectangular 
enclosures with differentially heated horizontal walls with heated bottom wall (i.e. Rayleigh-Bénard 
configuration) for constant wall temperature boundary condition. It has been found that convection weakens with 
increasing aspect ratio and heat transfer takes place purely due to thermal conduction for tall enclosures. Previous 
analyses [14-17] indicated that the Nusselt number behaviour for the constant wall heat flux (CWHF) boundary 
condition can be significantly different from the corresponding results for the constant wall temperature (CWT) 
boundary condition. Thus, this analysis concentrates on the influences of aspect ratio on Rayleigh-Bénard 
convection of power-law fluids in rectangular enclosures for CWHF boundary condition for horizontal walls. In 
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this investigation, simulations have been carried out for a range of values of aspect ratio, nominal Rayleigh number 
ܴܽ and power-law exponent ݊	(	0.25 ൑ ܣܴ ൑ 4, 10ଷ ൑ ܴܽ ൑ 10ହ, 0.6 ൑ ݊ ൑ 1.8) for a single value of nominal 
Prandtl number (i.e. ܲݎ ൌ 10ଷ). Practical power-law fluids such as aqueous solutions of polymers including 
carboxymethyl cellulose, polyethylene oxide, polyacrylamide and xanthan gum exhibit Prandtl numbers of the 
order of 103 (or greater than this value). Thus, the current analysis is conducted for single value of	ܲݎ ൌ 10ଷ 
because previous analyses [16,20] indicated that the mean Nusselt number of power-law fluids remain independent 
of Prandtl number for ܲݎ ≫ 1. In this respect, the specific objectives of present analysis are: 
(i) To indicate the effects of aspect ratio, nominal Rayleigh number and power-law index on Rayleigh-Bénard 
convection of power-law fluids in rectangular enclosures with differentially heated horizontal walls subjected to 
constant heat flux. 
(ii) To indicate the effects of initial conditions on streamline and isotherm patterns and mean Nusselt number in 
the aforementioned configuration. 
The remainder of the paper will be organised as follows. The information pertaining to mathematical background 
and numerical implementation are provided in the next two sections, followed by the presentation of results and 
subsequent discussion. The main findings will be summarised and conclusions will be drawn in the final section 
of this paper. 
 
II. Mathematical Background 
For the power-law model the viscous stress tensor ߬௜௝ is given as follows: 
      ߬௜௝ ൌ ߤ௔݁௜௝ ൌ ܭሺ݁௞௟݁௞௟/2ሻሺ௡ିଵሻ/ଶ݁௜௝,                                                              (1)  
where ݁௜௝ ൌ ሺ߲ݑ௜/߲ݔ௝ ൅ ߲ݑ௝/߲ݔ௜ሻ  is the rate of strain tensor, K is the consistency and n is the power-law index 
and ߤ௔ ൌ ܭሺ݁௞௟݁௞௟/2ሻሺ௡ିଵሻ/ଶ is the apparent viscosity. The apparent viscosity ߤ௔ decreases (increases) with 
increasing shear rate for  ݊ ൏ 1  (݊ ൐ 1) and thus fluids with ݊ ൏ 1  (݊ ൐ 1) are referred to as shear-thinning 
(shear-thickening) fluids, whereas ݊ ൌ 1 represents Newtonian fluids. The present analysis is conducted in non-
dimensional form for the purpose of generalization where the spatial co-ordinates, velocity components, pressure, 
shear stress and temperature are non-dimensionalised in the following manner:  
ݔ௜ା ൌ ௫೔ு  ;	ݑ௜ା ൌ
௨೔
௎ೝ೐೑ ; ܲ
ା ൌ ௉ఘ௎ೝ೐೑మ ; ߬௜௝
ା ൌ ఛ೔ೕுఘఈ௎ೝ೐೑; Θ ൌ
்ି்ೝ೐೑
∆்ೝ೐೑  ,                                                                                       (2) 
 
where ௥ܷ௘௙ is the reference velocity scale defined as ߙ/ܪ,  ௥ܶ௘௙ is the reference temperature and ∆ ௥ܶ௘௙ is a 
reference temperature difference, which is taken to be ∆ ௥ܶ௘௙ ൌ ݍܪ/݇. The temperature at the geometrical centre 
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of the annular enclosure is also taken as reference temperature (i.e.	 ௥ܶ௘௙ ൌ ௖ܶ௘௡). Several previous analyses [12,21] 
indicate that the temperature dependence of K does not significantly affect the qualitative nature of the temperature 
and velocity distributions in natural convection of power-law fluids and the variation of ܰݑതതതത in response to Ra and 
n. Therefore, the thermo-physical properties (e.g. k, cp, n and K) are taken to be temperature independent in the 
current analysis for the sake of simplicity following several previous analyses [6,7,9]. This yields the following 
non-dimensional forms of conservation equations for power-law fluids with temperature-independent thermo-
physical properties: 
Non-dimensional mass conservation equation 
డ௨೔శ
డ௫೔శ ൌ 0 ;                                                                                                                                       (3) 
Non-dimensional momentum conservation equations  
ݑ௝ା డ௨೔
శ
డ௫ೕశ ൌ െ
డ௉శ
డ௫೔శ ൅ ߜ௜ଶܴܽܲݎΘ ൅
డఛ೔ೕశ
డ௫ೕశ ;                                                                                                             (4) 
Non-dimensional energy conservation equation 
ݑ௝ା డ஀డ௫ೕశ ൌ
డమ஀
డ௫ೕశడ௫ೕశ.                                                                                                           (5) 
In Eq. 4 Kronecker’s delta ߜ௜ଶ ensures that the buoyancy term is operational only in the x2 direction (i.e. vertical 
direction) and this term appears due to the Boussinesq assumption [7,9,14,21]. In Eq. 4, ܴܽ and ܲݎ are the nominal 
Rayleigh and Prandtl numbers, which are defined using the reference temperature difference (∆ ௥ܶ௘௙ ൌ ݍܪ/݇ሻ in 
the following manner: 
ܴܽ ൌ ݃ߚݍܪଶ௡ାଶ ߙ௡݇ሺܭ/ߩሻ⁄ ;  ܲݎ ൌ ሺܭ ߩ⁄ ሻߙ௡ିଶܪଶିଶ௡.                                                                                         (6) 
It is possible to use same constitutive equations (i.e. Eqs. 3-5) and model ߬௜௝ with different model of viscosity (i.e. 
Herschel-Bulkley) to study other generalised non-Newtonian fluids (e.g. yield stress fluids [27]). For the present 
analyses local heat transfer coefficient h is defined as: 
	݄ ൌ หെ݇ሺ߲ܶ ߲ݔଶ⁄ ሻ௪௙ ൈ 1/ሺ ௫ܶమୀ଴ െ ௫ܶమୀுሻห.                                                                                                            (7) 
         Accordingly, mean heat transfer coefficient ത݄  and the mean Nusselt number ܰݑതതതത௖௬ are evaluated as: 
ത݄ ൌ ଵ௅ ׬ ݄ሺݔଵሻ݀ݔଵ
௅
଴  ,   ܰݑതതതത௖௬ ൌ ത݄ܪ/݇.                                                                                                                         (8)                            
Using Buckingham’s pi theorem, it is possible to show that the Nusselt number for natural convection of power-
law fluids in rectangular enclosures can be expressed as: ܰ ݑ ൌ ݂ሺܴܽ, ܲݎ, ݊, ܣܴሻ. The simulation domain is shown 
schematically in Fig. 1 where the two horizontal walls of a rectangular enclosure are subjected to constant heat 
fluxes, and the vertical walls are considered to be adiabatic in nature. Equations 3-5 are solved in conjunction with 
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the following boundary conditions. The two vertical walls are kept under adiabatic conditions (i.e. ߲Θ/߲ݔଵା ൌ 0 
at ݔଵା ൌ 0 and	ݔଵା ൌ 1/ܣܴ) and both velocity components (i.e. ݑଵା and	ݑଶା) are identically zero on each 
boundary because of the no-slip condition and impenetrability of rigid walls. The heat fluxes for horizontal hot 
and cold walls are specified (i.e. െ߲Θ/߲ݔଶା ൌ 1 at ݔଶା ൌ 0.0 and ݔଶା ൌ 1.0 respectively). 
 
III. Numerical Implementation 
The steady-state conservation equations (i.e. Eqs. 3-5) are solved iteratively in conjunction with boundary 
conditions in the context of the finite-volume methodology by using the commercial package ANSYS-FLUENT. 
This commercial package has been used successfully in simulating natural convection of power-law fluids in 
previous studies [14-20,27]. A second-order up-wind scheme is used for the discretisation of the convective terms, 
whereas a second-order central differencing scheme is used for discretisation of the diffusive terms. The well-
known SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) algorithm [28] is used for coupling of the 
pressure and velocity. The convergence criteria were set to 10-6 for all the scaled residuals. It has been checked 
that a smaller value of convergence criterion does not alter any of the results presented here. Grid independence 
of the results has been established based on a careful analysis of a number of different non-uniform Cartesian 
meshes. For the ܣܴ ൌ 0.25 case, non-uniform meshes of 180×220 and 200×240 have been used for establishing 
grid independence. The maximum difference in ܰݑതതതത for Newtonian fluids (i.e.	݊ ൌ 1.0) has been found to be 
smaller than 0.3% for the range of ܴܽ (i.e.10ଷ ൑ ܴܽ ൑ 10ହ). Hence the non-uniform mesh of 180×220 has been 
used for all ܣܴ ൌ 0.25 simulations. The simulations for ܣܴ ൌ 0.5 have been carried out for non-uniform meshes 
of 100×100 and 200×240 and the maximum uncertainty in ܰݑതതതത or Newtonian fluids was found to be smaller than 
0.15%. Nevertheless, the non-uniform mesh of 200×240 has been used for the	ܣܴ ൌ 0.5 case for the sake of 
sensitivity of numerical results. For ܣܴ ൌ 1.0	ሺܣܴ ൌ 2.0ሻ non-uniform meshes of 100×100 and 240×240 
(100×150 and 160×320) have been used to assess grid-dependency and the maximum uncertainty in ܰݑതതതത or 
Newtonian fluids was found to be smaller than 0.1%. Accordingly, the non-uniform meshes of 240×240 and 
160×320 have been used for ܣܴ ൌ 1.0 and ܣܴ ൌ 2.0 cases respectively. Finally, a non-uniform mesh of 160×480 
has been used for the ܣܴ ൌ 4.0 case. The non-dimensional minimum grid spacing (∆௠௜௡,௖௘௟௟/ܮ) grid expansion 
ratio (ݎ௘) values for the meshes used here are 6.651×10-4, 1.015 for ܣܴ ൌ 0.25 (180×220), 5.779×10-4, 1.015 for 
ܣܴ ൌ 0.5 (200×240), 6.808×10-4, 1.01 for ܣܴ ൌ 1.0 (240×240), 4.904×10-4,1.015 for ܣܴ ൌ 2.0 (160×320), 
1.337×10-4,1.015 for ܣܴ ൌ 4.0 (160×480) respectively.  
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Simulations have also been performed to estimate the grid-convergence for power-law fluids and the maximum 
numerical uncertainty in ܰݑതതതത for power-law fluids with ݊ ൌ 0.6 and ݊ ൌ 1.8 is found to be marginally greater than 
that in the corresponding Newtonian (i.e. ݊ ൌ 1.0) fluid case. Although it has been found that numerical 
uncertainty increases with decreasing power law index, the maximum numerical uncertainty in  ܰݑതതതത for all values 
of ݊ in power-law fluids is still found to be less than 1% for 0.25 ൑ ܣܴ ൑ 4 and 10ଷ ൑ ܴܽ ൑ 10ହ at ܲݎ ൌ 10ଷ. 
 
The CPU time increases with decreasing values of ܣܴ and ݊ (i.e. demand of CPU time is 10 times greater for ݊ ൌ
0.6 that one for	݊ ൌ 1.0 in the	ܣܴ ൌ 0.25). It will be shown later in Sections V and VI that the effective Rayleigh 
number increases significantly in comparison to the nominal Rayleigh number for shear-thinning (i.e.݊ ൏ 1) fluids 
for	ܣܴ ൏ 1. Thus, the simulations with small values of ܣܴ and ݊ take more number of iterations to converge and 
degree of stiffness of the momentum equations due to variation of viscosity increases with decreasing ݊. By 
contrast, the convective transport weakens with increasing ݊ and thus only the energy transport plays a key role 
for large values of ݊ for shear-thickening fluids, which takes smaller number of iterations and CPU time to 
converge than the corresponding Newtonian fluid case with same set of values of aspect ratio, nominal Rayleigh 
and Prandtl numbers.     
 
IV. Validation 
The mean Nusselt numbers ܰ ݑതതതത for laminar Rayleigh- Bénard convection of Newtonian fluids in square enclosures 
for 10ଷ ൑ ܴܽ ൑ 10଺	and ܲ ݎ ൌ 0.71 have been compared to the benchmark data [29] in Table 2.  It is evident from 
Table 2 that an excellent agreement has been achieved between the present results and the benchmark data [29]. 
Moreover, the variation of  ܰݑതതതത/ܰݑതതതത௡ୀଵ with ݊ for natural convection of power-law fluids in square enclosures 
with differentially heated vertical side walls subjected to CWT boundary condition has also been compared to the 
corresponding results presented by Ref. [22] and an excellent agreement was also obtained (see Fig. 2 of Ref. 
[23]).  
 
V. Scaling Analysis 
Scaling analysis is conducted to elucidate the effects of ܴܽ, ܲݎ, ݊, ܣܴ on laminar Rayleigh-Bénard convection of 
power-law fluids. The wall heat flux ݍ can be scaled as: ݍ ൌ ݄∆ܶ~݇∆ܶ/ߜ௧௛ which leads to ܰݑതതതത~ݍܪ/∆ܶ݇~ܪ/ߜ௧௛ 
where ݂ሺܴܽ, ܲݎ, ܣܴ, ݊ሻ represents the ratio of hydro-dynamical and thermal boundary layer thicknesses (i.e. 
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ߜ/ߜ௧௛ሻ. Accordingly, equating order of magnitudes of the inertial and buoyancy forces in vertical direction (i.e. 
ݑଶ~ඥ݃ߚݍߜ௧௛ܪ/݇) leads to: 
ݑଶଶ~݃ߚݍߜ௧௛ܪ/݇~ሺߙ/ܪሻܴܽሺ௡ାଵሻ/ሺ௡ାସሻܲݎሺ௡ାଶሻ/ሺ௡ାସሻ݂ିሺ௡ାଵሻ/ሺ௡ାସሻ.                                                                       (9) 
Based on continuity equation (i.e. ݑଵ/ܮ~ݑଶ/ܪሻ one obtains: 
ݑଵ~ݑଶܣܴିଵ~ሺߙ/ܪሻܣܴିଵܴܽሺ௡ାଵሻ/ሺ௡ାସሻܲݎሺ௡ାଶሻ/ሺ௡ାସሻ݂ିሺ௡ାଵሻ/ሺ௡ାସሻ.                                                                       (10) 
Similarly, equating the order of magnitudes of inertial and viscous resistance (ߩݑଶଶ/ܪ~ܭሺݑଶ/ߜሻ௡ሺ1/ߜሻ and 
ߩݑଵଶ/ܮ~ܭሺݑଵ/ߜଵሻ௡ሺ1/ߜଵሻ where ߜ	and ߜଵ are the hydro-dynamic boundary layer thicknesses on vertical and 
horizontal walls respectively) one obtains: 
ߜ~ܪܴܽሺ௡ିଶሻ/ሺ௡ାସሻܲݎ௡/ሺ௡ାସሻ݂ሺଶି௡ሻ/ሺ௡ାସሻ;                                                                                                                 (11i) 
ߜଵ ൌ ܪܴܽሺ௡ିଶሻ/ሺ௡ାସሻܲݎ௡/ሺ௡ାସሻܣܴሺଵି௡ሻ/ሺ௡ାଵሻ݂ሺଶି௡ሻ/ሺ௡ାସሻ.                                                                                    (11ii) 
Using Eq. 11, the effective viscosity can be estimated in the vertical (horizontal) boundary layers as: ߤ௘௙௙௏ ൌ
ܭሺݑଶ/ߜሻ௡ିଵ(ߤ௘௙௙ு ൌ ܭሺݑଵ/ߜଵሻ௡ିଵ). Accordingly, effective Rayleigh numbers (ܴܽ௘௙௙ሻ can be evaluated in the 
vertical and horizontal boundary layers in the following manner: 
ܴܽ௘௙௙௏ ൌ ఘ
మ௖೛௚ఉ௤ுర
ఓ೐೑೑ೇ௞మ ~ܴܽ
ሺ଻ିଶ௡ሻ/ሺ௡ାସሻܲݎሺଶିଶ௡ሻ/ሺ௡ାସሻ݂ሺଷ௡ିଷሻ/ሺ௡ାସሻ;                                                                        (12i) 
ܴܽ௘௙௙ு ൌ ఘ
మ௖೛௚ఉ௤ுర
ఓ೐೑೑ಹ௞మ ~ܴܽ
ሺ଻ିଶ௡ሻ/ሺ௡ାସሻܲݎሺଶିଶ௡ሻ/ሺ௡ାସሻܣܴሺଶ௡ିଶሻ/ሺ௡ାଵሻ݂ሺଷ௡ିଷሻ/ሺ௡ାସሻ.                                           (12ii) 
Eq. 12 indicates that ܴܽ௘௙௙ு increases with decreasing values of ܣܴ and ݊ for shear-thinning (i.e.݊ ൏ 1) fluids, 
whereas ܴܽ௘௙௙ு decreases with decreasing values of ܣܴ for increasing values of ݊ for shear-thickening (i.e.݊ ൐
1) fluids. Furthermore, ܴ ܽ௘௙௙ு assumes much greater values than  ܴ ܽ௘௙௙௏ and nominal Rayleigh number (i.e. ܴ ܽ) 
for shear-thinning (i.e. ݊ ൏ 1) fluids for ܣܴ ൏ 1. It is worth noting that the scaling estimates shown above should 
be considered in an order of magnitude sense for explaining the trends observed from numerical simulations. 
 
VI. Results and Discussion 
A. Effects of nominal Rayleigh number and power-law index 
The variations of non-dimensional temperature (ߠ ൌ ሺܶ െ ௖ܶ௘௡ሻ݇/ݍܮ) along the vertical mid-plane (ݔଶ/ܪ) and 
non-dimensional vertical velocity component (ܸ ൌ ݑଶܮ/ߙሻ along the horizontal mid-plane (ݔଵ/ܮ) are shown in 
Fig. 2 for different values of ܴܽ and ݊ at ܣܴ ൌ 0.25 and	ܲݎ ൌ 10ଷ. Figure 2 shows that the magnitude of ܸ 
increases with increasing (decreasing) values of ܴܽ (݊). This indicates that thermal convection strengths with 
increasing (decreasing) values of ܴܽ (݊) due to diminished viscous resistance with shear-thinning behaviour. This 
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also can be confirmed from the scaling relation given by Eq. 12 , which indicates that ܴܽ௘௙௙ increases in both 
vertical (ܴܽ௘௙௙௏) and horizontal (ܴܽ௘௙௙ு) directions with increasing (decreasing) values of  ܴ ܽ (݊) for a given set 
of values of	ܲݎ and	ܣܴ. It can be also seen from Fig. 2 that the ߠ decreases with increasing (decreasing) values of 
ܴܽ (݊), which can be explained as follows: 
                                    ∆ܶ~ ௤ఋ೟೓௞   and ߠ~
௤ఋ೟೓௞
௤௅௞ ~ܱሺ
ఋ೟೓
௅ ሻ.                                                                                         (13) 
According to Eq. 13 ߠ decreases with decreasing ߜ௧௛ . As ߜ௧௛ (i.e. ߜ/݂ሻ is expected to decrease with increasing 
(decreasing) values of ܴܽ (݊) (see Eq. 11), the maximum magnitude of  ߠ decreases with increasing (decreasing) 
ܴܽ (݊). Furthermore, the extent of non-linearity of ߠ variation with ݔଶ/ܪ can be considered as an indicator of the 
strength of convective transport, whereas the linearity indicates purely thermal conduction. The non-linearity of  
ߠ distribution with ݔଶ/ܪ rises with decreasing ݊ and this distribution becomes linear for ݊ ≫ 1 because heat 
transfer takes place due to pure condition. The contours of non-dimensional stream functions (Ψ ൌ ߰/ߙ) and the 
non-dimensional isotherms (ߠ ൌ ሺܶ െ ௖ܶ௘௡ሻ݇/ݍܮሻ are shown in Fig. 3 for different values of  ܴܽ and ݊ at	ܣܴ ൌ
0.25. It is also evident from Fig.3 that the curvature of ߠ and magnitude of Ψ increase with increasing (decreasing) 
ܴܽ (݊). This is found to be consistent with previous findings of Ref. [16] for square enclosures (i.e.	ܣܴ ൌ 1). 
 
B. Effects of aspect ratio  
The variation of ܰݑതതതത with ܣܴ for different values of ܴܽ and ݊ is shown in Fig. 4 for representative shear-thinning 
(݊ ൌ 0.8), Newtonian (݊ ൌ 1.0) and shear-thickening (i.e.	݊ ൌ 1.4) fluids. It can be seen from Fig. 4 that ܰݑതതതത 
decreases with increasing ܣܴ and approaches unity for ܣܴ ≫ 1. This indicates that convective strength weakens 
for increasing ܣܴ and thermal transfer is dominated by conduction for tall enclosures (i.e. ܰݑതതതത ൌ 1.0 for ܣܴ ൐ 2) 
for shear-thinning (i.e.	݊ ൏ 1), Newtonian (i.e. ݊ ൌ 1) and shear-thickening (i.e.	݊ ൐ 1) fluids. The effects of 
diffusive (convective) transport strengthen (weaken) with increasing ܣܴ, which can be explained using the energy 
flux integral at the vertical mid-plane. The energy flux integral can be shown as follows: 
ሶܳ ൌ ሶܳ ௖௢௡௩ ൅ ሶܳ௖௢௡ௗ ൌ ׬ ߩܿ௣ݑଵ݀ݔଶு଴ െ ׬ ݇ሺ߲ܶ/߲ݔଵሻ݀ݔଶ
ு
଴ ,                                                                                     (14) 
where the first term on the right hand side represents the effects of  convective transport, whereas the second term 
on the right hand side accounts for thermal conduction. Here, ሶܳ ௖௢௡௩ and ሶܳ ௖௢௡ௗ can be scaled in the following 
manner by using Eqs. 9-11: 
ሶܳ ௖௢௡௩~ ఘ௖೛௤ఋ೟೓ఋభ௨భ௞ ~ݍܮܴܽሺଷ௡ିଷሻ/ሺ௡ାସሻܲݎሺଷ௡ାଶሻ/ሺ௡ାସሻܣܴሺଶିଶ௡ሻ/ሺ௡ାଵሻ݂ିሺସ௡ାଵሻ/ሺ௡ାସሻ;                                          (15i)  
ሶܳ ௖௢௡ௗ~ ௞௤ఋ೟೓ு௞௅ ~ݍܣܴߜ௧௛~ݍܮܴܽሺ௡ିଶሻ/ሺ௡ାସሻܲݎ௡/ሺ௡ାସሻܣܴሺ௡ାଷሻ/ሺ௡ାଵሻ݂ିଶሺ௡ାଵሻ/ሺ௡ାସሻ.                                              (15ii)  
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Eq. 15 suggests relative weakening (strengthening) of the contribution of   ሶܳ ௖௢௡௩ ( ሶܳ ௖௢௡ௗ) to the overall thermal 
transport with increasing ܣܴ for both shear-thinning (i.e.	݊ ൏ 1) and shear-thickening (i.e.	݊ ൐ 1) fluids. This is 
because the exponent of  ܣܴ in  ሶܳ ௖௢௡ௗ	is greater than ሶܳ ௖௢௡௩ (i.e.ሺ݊ ൅ 3ሻ/ሺ݊ ൅ 1ሻ ൐ ሺ2 െ 2݊ሻ/ሺ݊ ൅ 1ሻ) for the 
same set values of 	ܴܽ and ܲݎ for both shear-thinning (i.e.	݊ ൏ 1) and shear-thickening (i.e.	݊ ൐ 1) fluids. The 
contours of Ψ and ߠ are shown in Fig. 5 for different values of  ܣܴ for ܴܽ ൌ 10ହ and ݊ ൌ 0.8. It is worth noting 
that the dimensions of the configurations are scaled in such manner that the widths of the enclosures look the same 
merely for different heights of enclosures for the ease of plotting in Fig. 5. It can be seen from Fig. 5 that the 
curvature of the ߠ diminishes with increasing ܣܴ and for tall enclosures (e.g. ܣܴ ൌ 4), the distribution of ߠ 
becomes totally parallel to the hot and cold walls. This is qualitatively similar to the previous findings of Ref. [9] 
in the case of CWT boundary condition. The magnitude of  stream functions in the ܣܴ ൌ 4  case at ܴܽ ൌ 10ହ is 
vanishing small so the streamline pattern has no significant importance (it is just numerical noise for the vanishing 
small magnitudes of Ψ) for this particular case because fluid flow is practically non-existent in this case and heat 
transfer takes place purely due to conduction which is reflected in the distribution of isotherms parallel to the 
horizontal  walls. Although ܰݑതതതത mostly decreases with increasing	ܣܴ, the mean Nusselt number ܰݑതതതത is found to be 
slightly greater in ܣܴ ൌ 0.5 than the value for ܣܴ ൌ 0.25 for ܴܽ ൒ 5 ൈ 10ସ for shear-thinning (i.e. ݊ ൏ 1) and 
ܴܽ ൌ 10ହ for Newtonian (i.e. ݊ ൌ 1.0ሻ fluids.  Both ܣܴሺଶିଶ௡ሻ/ሺ௡ାଵሻ and ܣܴሺ௡ାଷሻ/ሺ௡ାଵሻ in Eqs. 15i and 15ii 
respectively assume higher values for ܣܴ ൌ 0.5 than in ܣܴ ൌ 0.25 for ݊ ൑ 1 and thus the modification of the 
relative strengths of convection and conduction with the variation in aspect ratio is responsible for the observed 
non-monotonic ܣܴ dependence of	 ܰݑതതതത  between ܣܴ ൌ 0.25 and 0.5 for ܴ ܽ ൒ 5 ൈ 10ସ for shear-thinning (i.e. ݊ ൏
1) and ܴܽ ൌ 10ହ for Newtonian (i.e. ݊ ൌ 1.0ሻ fluids. 
 
C. Effects of initial conditions on mean Nusselt number and flow patterns 
It has been demonstrated earlier [9,30,31] that the initial conditions significantly affect the steady two-dimensional 
solutions for Rayleigh-Bernard convection of Newtonian (i.e.݊ ൌ 1) and shear-thinning (i.e.	݊ ൏ 1) fluids in 
rectangular enclosures. Two types of initial conditions have been considered in the current analysis. These initial 
conditions referred as the “quiescent flow (Q.F.)” and “established flow (E.F.)” initial conditions respectively. The 
Q.F. condition considers zero velocity initial condition, whereas the steady state simulation results obtained for a 
smaller value of ܴ ܽ is used for the initial condition for the cases with ܴ ܽ ൒ 1 ൈ 10ଷ in the E.F for Newtonian fluid 
simulations. In the context of Q.F. condition, the perturbation for initiating the flow is supplied by the numerical 
errors (e.g. truncation error) as in the case of several previous analyses [14-20]. The steady-state solution obtained 
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for Newtonian (i.e.݊ ൌ 1.0) fluids based on E.F. initial condition for a given set of values of Ra and Pr has in turn 
been used as an initial condition for one set of simulations involving non-Newtonian power-law fluids (i.e. E.F. 
initial condition for power-law fluids), whereas the quiescent condition is used as an initial condition (i.e. Q.F. 
initial condition for power-law fluids) for the other set of power-law fluid simulations. In Fig. 6, the variation of 
ܰݑതതതത with ݊ is shown for different values of ܴܽ and ܣܴ at ܲݎ ൌ 10ଷ for both E.F. and Q.F. conditions. It can be 
seen from Fig. 6 shows that the variation of  ܰݑതതതത is sensitive to the initial conditions especially for  ܴܽ ൒ 5 ൈ 10ସ 
in the case of shear-thinning fluids (i.e.݊ ൏ 1). Additionally non-monotonic trend of ܰݑതതതത with ݊  is observed for 
both initial conditions for different ܣܴ in the case of shear-thinning fluids (i.e.݊ ൏ 1). The mean Nusselt number 
ܰݑതതതത can be scaled as: 
 ܰݑതതതത~ݍܪ/∆ܶ݇~ܪ/ߜ௧௛~ܴܽሺଶି௡ሻ/ሺ௡ାସሻܲݎି௡/ሺ௡ାସሻܣܴሺ௡ିଵሻ/ሺ௡ାଵሻ݂଺/ሺ௡ାସሻ.                                                                  (16) 
Equation 16 shows that  ܰݑതതതത is expected to increase monotonically with increasing (decreasing) ܴܽ (݊) for given 
values of ܲݎ and	ܣܴ. Thus, this non-monotonic trend of ܰݑതതതത with increasing (decreasing) ܴܽ (݊) can be explained 
by the change in flow patterns (i.e. number of cells). The distance between the isotherms close to the hot and cold 
walls gets affected by the modification of the flow pattern, and this modification is responsible for the non-
monotonic variation of  ܰݑതതതത with increasing (decreasing) ܴܽ (݊). In order to demonstrate the aforementioned 
changes in the flow patterns, the representative contours of non-dimensional stream function Ψ and the non-
dimensional temperature ߠ are shown in Fig. 7 for both E.F. and Q.F. initial conditions. A number of simulations 
have been also conducted for convergence criteria set 10-7 for all the scaled residuals to check stability of the flow 
patterns are shown in Fig7. It has been found that flow patterns and the mean Nusselt numbers remain insensitive 
for convergence criteria set 10-6 and 10-7 for all the scaled residuals regardless of initial conditions. . It is also worth 
noting that qualitatively similar flow patterns were reported earlier (see Ref. [9]) even for constant wall boundary 
conditions for horizontal walls. The non-uniqueness of the steady state solution in this configuration suggests that 
some of the solutions may not be easily observed in reality under an experimental condition. Figure 7 indicates 
that flow pattern (i.e. number of cells) changes with increasing (decreasing) ܴܽ (݊) for shear-thinning fluids 
(i.e.݊ ൏ 1), which was also previously reported in [9, 31]. It is also worth noting that the ܴܽ௘௙௙ may assume much 
larger magnitude than its nominal value (i.e.	ܴܽ) for shear-thinning (i.e. ݊ ൏ 1) fluids since exponent of ܴܽ (i.e. 
ሺ7 െ 2݊ሻ/ሺ݊ ൅ 4ሻ) increases with decreasing 	݊. This contributes to the change in the flow patterns (i.e. number 
of cells) as shown in Fig. 7 especially for shear-thinning (i.e. ݊ ൏ 1) fluids.  
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 A correlation was proposed in Ref. [16] for mean Nusselt number for laminar Rayleigh-Bénard convection of 
power-law fluids in square enclosures (i.e.	ܣܴ ൌ 1) for	10 ൑ ܲݎ ൑ 10ସ based on scaling relations. This 
correlation was improved in Ref. [17] for shear-thickening (i.e.	݊ ൐ 1) fluids, which is given as follows: 
ܰݑതതതത ൌ ܰݑതതതതଵ when  ܰݑതതതതଵ ൌ 0.289ܴܽ଴.଴ଵସ ௉௥
బ.మభళ
ሺଵା௉௥ሻబ.బభళ 	ቀ
ோ௔భష೙/మ
௉௥೙/మ ቁ
ଵ/ሺ௡/ଶାଶሻ
ܣ ൐ 1;                                                   (17i) 
ܣ ൌ ݁ݔ݌ሾሺ݊ െ 1ሻܿଵܴܽ	௖మܲݎ௖యሿ for ݊ ൑ 1;                                                                                                         (17ii) 
ܿଵ ൌ 0.345, ܿଶ ൌ 0.129 and ܿଷ ൌ 0.103 for 5 ൈ 10ଷ ൑ ܴܽ ൑ 1 ൈ 10ହ;                                                         (17iii) 
ܣ ൌ ݊ௗ for ݊ ൐ 1;                                                                                                                                             (17iv) 
݀ ൌ ሾ0.136ܲݎ଴.଴ସ݈ܴ݊ܽሿଵ.ହ for 5 ൈ 10ଷ ൑ ܴܽ ൑ 1 ൈ 10ସ;                                                                                (17v) 
݀ ൌ ሾ0.145ܲݎ଴.଴ସ݈ܴ݊ܽሿଵ.ହ for 1 ൈ 10ସ ൏ ܴܽ ൑ 1 ൈ 10ହ;                                                                               (17vi) 
ܰݑതതതത ൌ 1 when ܰݑതതതതଵ ൑ 1.                                                                                                                                         (17vii) 
It is worth noting that Eq. 17 is valid for where convection takes place as one cell flow pattern. Equation 17 has 
been modified here to include ܣܴ dependence of  ܰݑതതതത in the following manner for one cell flow pattern for 0.25 ൑
ܣܴ ൑ 4, 	5 ൈ 10ଷ ൑ ܴܽ ൑ 1 ൈ 10ହ and  10 ൑ ܲݎ ൑ 10ସ: 
ܰݑതതതതሺܣܴሻ ൌ ܰݑതതതതሺܣܴ ൌ 1ሻ ൅ ሾሺ1.987 െ 0.157݈ܴ݊ܽሻሺ1 െ ܣܴሻሿ for ݊ ൑ 1;                                                            (18i) 
ܰݑതതതതሺܣܴሻ ൌ ܰݑതതതതሺܣܴ ൌ 1ሻ ൅ ሾሺ ଵି଴.ଵଶସ௟௡ோ௔ଵ.ସହଶି଴.ଵ଼ଷ௟௡ோ௔ሻሺ1 െ ܣܴሻሿ for ݊ ൒ 1.                                                                 (18ii) 
Figure 8 shows the variation of  ܰ ݑതതതത with ݊  for different values of ܴ ܽ and ܣܴ at ܲ ݎ ൌ 10ଷ along with the predictions 
of Eq. 18. It can be seen from Fig. 8 that Eq. 18 satisfactorily predicts the variation of ܰݑതതതത with ݊ for different 
values of ܴܽ and ܣܴ (i.e. typical deviation is smaller than 4%) apart from over estimation of  ܣܴ ൌ 2 (i.e. 10%) 
for shear-thickening (i.e. ݊ ൐ 1) fluids.  
 
D. Onset of convection of power-law fluids 
It is well-known that a critical Rayleigh number ܴܽ௖௥௜௧ needs to be exceeded to initiate the fluid motion in the case of 
Rayleigh-Bénard convection. The critical Rayleigh number ܴܽ௖௥௜௧ is estimated by linear regression of ሺܰݑതതതത െ 1ሻ in 
terms of ܴܽ	for Newtonian (i.e. ݊ ൌ 1) fluids where the instability is super-critical (not shown here but refer to 
Fig. 8a in Ref. [9]). In the case of shear-thinning (i.e. ݊ ൏ 1) fluids, where the instability is sub-critical, the critical 
Rayleigh number is estimated by reducing nominal Rayleigh number ܴܽ in steps of 50, 250, 1000 for ܣܴ ൑ 1, 
ܣܴ ൌ 2 and ܣܴ ൌ 4 respectively from an established flow condition where ܰ ݑതതതത ≫ 1. The quantity ሺܰݑതതതത െ 1ሻ jumps 
abruptly from zero value with an increase in ܴܽ for shear-thinning fluids (i.e. ݊ ൏ 1) according to the expectation 
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of sub-critical instability  (not shown here but refer to Fig. 8a in Ref. [9]), this is because viscosity remains very 
large at low shear rate values for shear-thinning fluids (i.e. ݊ ൏ 1).  
 
Table 3 lists the critical Rayleigh number ܴܽ௖௥௜௧	for the onset of convection for shear-thinning and Newtonian 
fluids. Table 3 shows that ܴܽ௖௥௜௧ decreases with decreasing values of ܣܴ and	݊, which is consistent with previous 
findings of Ref. [9] for the CWT boundary condition. The critical Rayleigh number ܴܽ௖௥௜௧ values for shear-
thinning (i.e. ݊ ൏ 1) and Newtonian (i.e. ݊ ൌ 1) fluids for square (i.e. ܣܴ ൌ 1) enclosures are found to be 
consistent with the previous findings by Turan et al. [16,20].  The values of ܴܽ௖௥௜௧ for shear-thinning (i.e.݊ ൏ 1) 
and Newtonian (i.e.	݊ ൌ 1) fluids have been parameterized by Ref. [16] in the following manner for laminar 
Rayleigh-Bénard convection of power-law fluids in square enclosures (i.e.	ܣܴ ൌ 1) for	10 ൑ ܲݎ ൑ 10ସ: 
ܴܽ௖௥௜௧ሺܣܴ ൌ 1ሻ ൌ 1700݊ଶ    ݊ ൑ 1.                                                                                                                   (19) 
Equation 19 has been modified here to include ܣܴ dependence of ܴ ܽ௖௥௜௧ in the following manner for 0.25 ൑ ܣܴ ൑
4 and	10 ൑ ܲݎ ൑ 10ସ: 
ܴܽ௖௥௜௧ሺܣܴሻ ൌ 1700݊ଶ ൅ ሾሺܣܴ െ 1ሻሺܽ଴݊௕ሻሿ;                                                                                                    (20i) 
ܽ଴ ൌ 65860/ሺ1 ൅ exp	ሺሺ3.387 െ ܣܴሻ/0.789ሻሻ and	ܾ ൌ 2.38 ൅ 0.27ܣܴ.                                                     (20ii) 
 
For shear-thickening (i.e.݊ ൐ 1) fluids, ሺܰݑതതതത െ 1ሻ cannot be used for a sufficiently accurate measure for the onset 
of fluid motion in the case of shear-thickening (i.e. ݊ ൐ 1) fluids since ሺܰݑതതതത െ 1ሻ remains close to 0.0 for a large 
range of values of 	ܴܽ. It has been found that fluid flow initiates for any non-zero value of nominal Rayleigh 
number by examining the variation of the maximum values of stream function ߰௠௔௫  with Rayleigh number (not 
shown here but refer to Fig. 8b in Ref. [9]).Thus, the critical Rayleigh number for shear-thickening (i.e.݊ ൐ 1) 
fluids can be considered as ܴ ܽ௖௥௜௧ ൌ 0 since viscosity remains very small at low shear rate values for shear-thickening 
fluids (i.e. ݊ ൐ 1). Therefore, shear-thickening fluids do not experience any resistance to fluid motion once the 
nominal Rayleigh approaches zero. This is found to be consistent with previous findings [9,13]. The values of 
nominal Rayleigh number ܴܽே௨തതതതୀଵ for which 	ܰݑതതതത ൌ 1.001 for shear-thickening (i.e.݊ ൐ 1) fluids are listed in 
Table 4. The values of ܴܽே௨തതതതୀଵ  presented in Table 4 for shear-thickening fluids have been parameterized in the 
following manner for  0.25 ൑ ܣܴ ൑ 4 and 1 ൏ ݊ ൑ 1.8: 
ܴܽே௨തതതതୀଵ ൌ 720 ൅ expሺ3.85ܣܴሻ ሾ13.79/ሺ1 െ 0.352݊ሻሿ  for 0.25 ൑ ܣܴ ൑ 1;                                                  (21i) 
ܴܽே௨തതതതୀଵ ൌ ሾ1370 expሺܽଵܣܴሻሿ െ 4000 for 1 ൏ ܣܴ ൑ 4;                                                                                 (21ii) 
ܽଵ ൌ 1.281 ൅ 0.462/ሺ1 ൅ exp	ሺሺ1.462 െ ݊ሻ 0.09⁄ ሻሻሻ.                                                                                  (21iii) 
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Figure 9 shows the variations of ܴܽ௖௥௜௧ሺܣܴሻ and ܴܽே௨തതതതୀଵ with ܣܴ along with the predictions of Eq. 20 and Eq. 21 
respectively. It can be seen from Fig. 9 that Eq. 20 and 21 satisfactorily predict the variation of ܴܽ௖௥௜௧ሺܣܴሻ and 
ܴܽே௨തതതതୀଵ with ܣܴ for 10 ൑ ܲݎ ൑ 10ସ. 
 
VII. Conclusions 
The effects of ܴܽ, ݊, ܣܴ on Rayleigh-Bénard convection of power-law fluids in rectangular enclosures have been 
numerically investigated for constant wall heat flux boundary condition for the active walls for a range of different 
values of aspect ratio, nominal Rayleigh number and power-law index (i.e.	0.25 ൑ ܣܴ ൑ 4, 10ଷ ൑ ܴܽ ൑ 10ହ, 
0.6 ൑ ݊ ൑ 1.8) for a single representative value of nominal Prandtl number (ܲݎ ൌ 10ଷ). It has been found that 
thermal convection strengthens (weakens) with decreasing (increasing) ݊ as a result of shear-thinning (shear-
thickening) behaviour. The convective thermal transport strengthens with increasing ܴܽ due to the augmentation 
of buoyancy force irrespective of the value of ݊. However, convective transport weakens and the influences of 
thermal conduction strengthen with increasing	ܣܴ. Thus, ܰݑതതതത increases with increasing (decreasing) ܴܽ(݊) 
whereas the ܰݑതതതത decreases with increasing	ܣܴ. However, the flow pattern (i.e. number of cells) varies depending 
on ܴܽ, ܣܴ, ݊ and initial condition, and non-monotonic variation of ܰݑതതതത with increasing (decreasing) ܴܽ(݊) has 
been observed due to change in the flow patterns for different initial conditions. Finally, ܴܽ௖௥௜௧ for onset of 
convection (i.e. ܰݑതതതത ൐ 1.0	for	ܴܽ ൐ ܴܽ௖௥௜௧) decreases with decreasing values of ܣܴ and	݊.  The aforementioned 
observations have been explained with the help of scaling arguments. The numerical findings have been utilised 
to propose a correlation for the mean Nusselt number in the case of one-cell flow structure for laminar Rayleigh-
Bénard convection in rectangular enclosures with constant wall heat flux boundary condition for active walls. 
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Tables 
Table 1: Summary of the findings of existing analyses on natural convection in enclosures involving non-Newtonian fluids obeying power-law model of viscosity. 
 
Ref. Type Enclosure Configuration & Boundary conditions ࡭ࡾ ൌ ࡴ/ࡸ 
Model & power- law 
exponent ࡾࢇ,ࡼ࢘ Correlation 
[7] A, N Rectangular Diff. heated horizontal wall (CWHF) 1/12 
Power-law 
0.6 ൑ ݊ ൑ 1.4 
10ଷ ൑ ܴܽ ൑ 5 ൈ 10ଷ 
ܲݎ ൌ 1 െ 10 െ 100 - 
[9] N Rectangular Diff. heated horizontal wall (CWT) 1/4 ൑ ܣܴ ൑ 4 
Power-law 
0.6 ൑ ݊ ൑ 1.8 
10ଷ ൑ ܴܽ ൑ 10ହ 
ܲݎ ൌ 10ଷ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ܣܴ, ݊ሻ 
[10] N Square Diff. heated horizontal wall (CWT) 1 
1.Power-law 
0.4 ൑ ݊ ൑ 1 
2. Ellis 
ܴܽ ൌ 6 ൈ 10ଷ 
ܲݎ ൌ 0.1 െ 1 െ 10 - 
[11] E,N - Diff. heated horizontal layers (CWT) - 
Power-law 
0.4 ൑ ݊ ൑ 1 ܴܽ௖௥௜௧ for ܰݑതതതത ൐ 1 - 
[12] N - Diff. heated horizontal layers (CWT) - 
Power-law 
1 ൑ ݊ ൑ 4 
ܴܽ௖௥௜௧ for ܰݑതതതത ൐ 1 
ߤஶ ൌ ݂ሺܶሻ - 
[13] A,N Rectangular Diff. heated horizontal wall (CWHF) 1/6 
Power-law 
0.8 ൑ ݊ ൑ 1.2 ܴܽ௖௥௜௧ for ܰݑതതതത ൐ 1 - 
[14] N Rectangular 
Diff. heated vertical wall 
comparison (CWT-
CWHF) 
1/8 ൑ ܣܴ ൑ 8 Power-law 0.6 ൑ ݊ ൑ 1.8 
10ସ ൑ ܴܽ ൑ 10଺ 
ܲݎ ൌ 10ଷ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ܣܴ, ݊ሻ 
[15] N Square 
Diff. heated vertical wall 
comparison (CWT-
CWHF) 
1 Power-law 0.6 ൑ ݊ ൑ 1.8 
10ଷ ൑ ܴܽ ൑ 10଺ 
10 ൑ ܲݎ ൑ 10ହ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ݊ሻ 
[16] N Square 
Diff. heated horizontal 
wall comparison (CWT-
CWHF) 
1 Power-law 0.6 ൑ ݊ ൑ 1.8 
10ଷ ൑ ܴܽ ൑ 10ହ 
10 ൑ ܲݎ ൑ 10ହ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ݊ሻ 
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[17] N Cylindrical Annular 0 ൑ ݎ௜/ܮ ൑ 24 
Diff. heated horizontal 
wall comparison (CWT-
CWHF) 
1 
 
Power-law 
0.6 ൑ ݊ ൑ 1.8 
10ଷ ൑ ܴܽ ൑ 10ହ 
10 ൑ ܲݎ ൑ 10ସ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ݎ௜/ܮ, ݊ሻ 
[18] N Cylindrical Annular 1/8 ൑ ݎ௜/ܮ ൑ 16 
Diff. heated vertical wall 
(CWHF) 1 
Power-law 
0.6 ൑ ݊ ൑ 1.8 
10ଷ ൑ ܴܽ ൑ 10଺ 
10ଶ ൑ ܲݎ ൑ 10ସ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ݎ௜/ܮ, ݊ሻ 
[19] N Cylindrical Annular 1/8 ൑ ݎ௜/ܮ ൑ 16 
Diff. heated vertical wall 
comparison (CWT-
CWHF) 
1 Power-law 0.6 ൑ ݊ ൑ 1.8 
10ଷ ൑ ܴܽ ൑ 10଺ 
10ଶ ൑ ܲݎ ൑ 10ସ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ݎ௜/ܮ, ݊ሻ 
[20] N Square Diff. heated horizontal wall (CWHF) 1 
Power-law 
0.6 ൑ ݊ ൑ 1.8 
10ଷ ൑ ܴܽ ൑ 10ହ 
10 ൑ ܲݎ ൑ 10଺ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ݊ሻ 
[21] N Square Diff. heated horizontal wall (CWHF) 1 
Power-law 
0.6 ൑ ݊ ൑ 1.4 
0 ൑ ܴܽ ൑ 10ହ 
ߤஶ ൌ ݂ሺܶሻ - 
[22] N Square Diff. heated vertical wall (CWT) 1 
Power-law 
0.6 ൑ ݊ ൑ 1 
10ହ ൑ ܴܽ ൑ 10଻ 
10ଶ ൑ ܲݎ ൑ 10ସ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ݊ሻ 
[23] N Square Diff. heated vertical wall  (CWT) 1 
Power-law 
0.6 ൑ ݊ ൑ 1.8 
10ଷ ൑ ܴܽ ൑ 10଺ 
10 ൑ ܲݎ ൑ 10ହ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ݊ሻ 
[24] A,N Rectangular Diff. heated vertical wall (CWHF) 1-12 
Power-law 
0.6 ൑ ݊ ൑ 1.4 
0 ൑ ܴܽ ൑ 10଺ 
ܲݎ ൌ 1 െ 10 െ 100 ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ܣܴ, ݊ሻ 
[25] A,N Rectangular Diff. heated vertical wall (CWHF) 0.1 ൑ ܣܴ ൑ 1 
Power-law 
0.6 ൑ ݊ ൑ 1.4 
0 ൑ ܴܽ ൑ 10଺ 
ܲݎ ൌ 1 െ 10 െ 100 ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ܣܴ, ݊ሻ 
[26] N Rectangular 0௢ ൑ ߶ ൑ 90௢ 
Diff. heated inclined 
horizontal wall (CWT) 1/8 ൑ ܣܴ ൑ 1 
Power-law 
0.6 ൑ ݊ ൑ 1.4 
10ସ ൑ ܴܽ ൑ 10ହ 
10ଶ ൑ ܲݎ ൑ 10ସ ܰݑതതതത ൌ ݂ሺܴܽ, ܲݎ, ܣܴ, ߶, ݊ሻ 
A: analytical; E: experimental; N: numerical 
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Table 2 Comparison of the mean Nusselt number ࡺ࢛തതതത for Newtonian fluid with the benchmark data [22] for 
square enclosure (AR = 1) at Pr = 0.71. 
 
Ra Present Study Ref. [22] 
103 1.000 1.000 
104 2.154 2.158 
105 3.907 3.910 
106 6.363 6.309 
 
Table 3 Values of ࡾࢇࢉ࢘࢏࢚is estimated by linear regression for Newtonian fluids and reducing  ࡾࢇ in steps of 
50, 250, 1000 for	࡭ࡾ ൑ ૚, ࡭ࡾ ൌ ૛ and ࡭ࡾ ൌ ૝ respectively for shear-thinning (i.e.࢔ ൏ ૚) fluids from an 
established flow condition where	ࡺ࢛തതതത ≫ ૚.  
 
n AR = 0.25 AR = 0.5 AR =1 AR = 2 AR = 4 
0.6 350 400 650 3000 22500 
0.7 450 500 900 4250 37500 
0.8 550 650 1150 6250 60000 
0.9 700 750 1450 8750 95000 
1.0 743 841 1676 11107 138850 
 
 
Table 4 Values of Rayleigh number ࡾࢇࡺ࢛തതതതୀ૚ for which ࡺ࢛തതതത deviates from unity in the third decimal place 
(i.e.ࡺ࢛തതതത ൎ ૚. ૙૙૚) for shear-thickening fluids.  
 
n AR = 0.25 AR = 0.5 AR =1 AR = 2 AR = 4 
1.2 775 875 1850 15000 250000 
1.4 800 900 2000 20000 425000 
1.6 825 925 2200 30000 1050000 
1.8 850 950 2500 40000 1400000 
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Figure Captions 
Fig. 1 Schematic diagram of the simulation domain. 
Fig. 2 Variations of ߠሺܸሻ along the vertical (horizontal) mid-plane for ܣܴ ൌ 0.25 and	ܲݎ ൌ 10ଷ. 
Fig. 3 Contours of Ψ and ߠ for different values of  ܴܽ and ݊ at	ܣܴ ൌ 0.25. 
Fig. 4 Variations of ܰݑതതതത with ܣܴ for different values of ܴܽ and	݊. 
Fig. 5 Contours of Ψ and ߠ	for different values of  ܣܴ at ܴܽ ൌ 10ହ and	݊ ൌ 0.8. 
Fig. 6 Variation of ܰݑതതതത with ݊ for both established and quiescent flow initial conditions. 
Fig. 7 Contours of Ψ and ߠ	for both established and quiescent flow initial conditions. 
Fig. 8 Variation of ܰݑതതതത with ݊ along with the prediction of Eq. 18. 
Fig 9 aሻ	ܴܽ௖௥௜௧	and bሻ	ܴܽே௨തതതതୀଵwith ܣܴ with the predictions of Eq. 20 and Eq. 21. 
 
 
 
 
  
 
  
 
 
 
 
   
 
 
 
Fig. 1 Schematic diagram of the simulation domain. 
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Fig. 2 Variations of ࣂሺࢂሻ along the vertical (horizontal) mid-plane for ࡭ࡾ ൌ ૙. ૛૞ and	ࡼ࢘ ൌ ૚૙૜. 
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Fig. 3 Contours of શ and ࣂ for different values of  ࡾࢇ and ࢔ at	࡭ࡾ ൌ ૙. ૛૞. 
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Fig. 4 Variations of ࡺ࢛തതതത with ࡭ࡾ for different values of ࡾࢇ and	࢔. 
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Fig. 5 Contours of શ and ࣂ	for different values of  ࡭ࡾ at ࡾࢇ ൌ ૚૙૞ and	࢔ ൌ ૙. ૡ. 
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Fig. 6 Variation of ?????? with ? for both established and quiescent flow initial conditions. 
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Fig. 7 Contours of શ and ࣂ	for both established and quiescent flow initial conditions. 
 
 
Fig. 8 Variation of ?????? with ? along with the prediction of Eq. 18. 
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 Fig 9 𝐚𝐚) 𝑹𝑹𝑹𝑹𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 and 𝐛𝐛) 𝑹𝑹𝑹𝑹𝑵𝑵𝑵𝑵����=𝟏𝟏with 𝑨𝑨𝑹𝑹 with the predictions of Eq. 20 and Eq. 21. 
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